We develop the finite-size scaling (FSS) theory at quantum transitions, considering generic boundary conditions, such as open and periodic boundary conditions, and also the corrections to the leading FSS behaviors. Using renormalization-group (RG) theory, we generalize Wegner's scaling Ansatz to the quantum case, classifying the different sources of scaling corrections. We identify nonanalytic corrections due to irrelevant (bulk and boundary) RG perturbations and analytic contributions due to regular backgrounds and analytic expansions of the nonlinear scaling fields.
I. INTRODUCTION
Finite-size effects in critical phenomena have been the object of theoretical studies for a long time. [1] [2] [3] [4] [5] Finitesize scaling (FSS) describes the critical behavior around a critical point, when the correlation length ξ of the critical modes becomes comparable to the size L of the system. For large sizes, this regime presents universal features, shared by all systems whose transition belongs to the same universality class. Although formulated in the classical framework, FSS also holds at zero-temperature quantum transitions, 6 in which the critical behavior is driven by quantum fluctuations.
The FSS approach is one of the most effective techniques for the numerical determination of the critical quantities. While infinite-volume methods require that the condition ξ ≪ L is satisfied, FSS applies to the less demanding regime ξ ∼ L. More precisely, FSS theory provides the asymptotic scaling behavior when both L, ξ → ∞ keeping their ratio ξ/L fixed. However knowledge of the asymptotic behavior may not be enough to estimate the critical parameters, because data are generally available for limited ranges of parameter values and system sizes, which are often relatively small. Under these conditions, the asymptotic FSS predictions are affected by sizable scaling corrections. Thus, reliably accurate estimates of the critical parameters need a robust control of the corrections to the asymptotic behavior. This is also important for a conclusive identification of the universality class of the quantum critical behavior when it is a priori uncertain.
An understanding of the finite-size effects is also relevant for experiments, when relatively small systems are considered, see, e.g., Ref. 7 , or in particle systems trapped by external (usually harmonic) forces, as in recent cold-atom experiments, see, e.g., Refs. 8-12. In this paper we study FSS at quantum transitions, 13 within the framework of the renormalization-group (RG) theory. We generalize Wegner's scaling Ansatz 14 to quantum systems. This allows us to characterize the corrections to the asymptotic FSS behavior. We predict nonanalytic scaling corrections due to the irrelevant RG perturbations and analytic contributions which are due to regular backgrounds and to the expansions of the nonlinear scaling fields in terms of the Hamiltonian parameters.
To verify the RG predictions, we consider the quantum XY chain in a transverse field, which represents a standard theoretical laboratory for the understanding of quantum transitions. Its Hamiltonian can be rewritten as a quadratic Hamiltonian of spinless fermions. 15, 16 Using this representation, several quantities can be computed either exactly or very precisely by numerical methods. This allows us to check the FSS predictions for the scaling corrections of several observables. We consider the free energy, the energy differences between the lowestenergy levels, and the correlation functions of the order parameter, confirming the RG results in all cases.
Finally, we discuss the FSS behavior of the bipartite entanglement entropies of one-dimensional systems with an isolated critical point with z = 1. We perform a detailed study in the XY model, verifying the presence of further peculiar corrections, 17, 18 beside those associated with the usual bulk and boundary RG irrelevant perturbations.
The paper is organized as follows. In Sec. II we discuss the general RG approach to the study of FSS at quantum transitions, considering, in particular, the case of isolated quantum critical points between different quantum phases. In Sec. III we present a thorough FSS analysis of the quantum XY chain in a transverse field at the Ising transition, checking the general asymptotic FSS predictions for several physically interesting quantities. Sec. IV is devoted to a FSS analysis of the bipartite entanglement entropy at the quantum transition of the quantum XY chain, focusing again on the nature of the scaling corrections. Finally, in Sec. V we summarize our main results and draw some conclusions. A few appendices report some formulas which are used in the paper.
II. FINITE-SIZE SCALING AT A QUANTUM TRANSITION
In this section we summarize the main RG ideas behind FSS, providing the framework to analyze critical finitesize effects in continuous quantum transitions. As their classical counterparts, they are characterized by a diverging length scale ξ and show universal scaling properties, which can be analyzed in the framework of RG theory. Guided by the quantum-to-classical mapping, we generalize Wegner's scaling Ansatz 14 to quantum systems, and then use it to predict the type of subleading corrections that are expected in finite systems and/or at finite T , close to a continuous transition.
We consider the standard case in which the quantum zero-temperature transition of a d-dimensional system is characterized by two relevant parameters µ and h, defined so that they vanish at the critical point. Therefore, the quantum critical point is at T = 0, µ = 0, h = 0.
(
We assume the presence of a parity-like Z 2 symmetry, as it occurs, for instance, in Ising or O(N ) transitions which separate a paramagnetic phase with µ > 0 from a ferromagnetic phase with µ < 0. The parameter µ is coupled to a RG perturbation that is invariant under the symmetry, while h is associated with the leading odd perturbation, generally related to the order parameter of the transition. As usual, we express the RG dimensions of the perturbations associated with µ and h in terms of the critical exponents ν and η, as
where z is the dynamic critical exponent associated with time and temperature. At the critical point the lowenergy scales vanish: the gap ∆ behaves as ∆ ∼ |µ| zν at T = 0 and h = 0. The length scale ξ associated with the critical modes diverges as ξ ∼ |µ| −ν at T = 0 and h = 0, and as ξ ∼ T −1/z at µ = 0 and h = 0.
A. Scaling law of the free energy
Under the quantum-to-classical mapping, the inverse temperature corresponds to the system size in an imaginary time direction. Thus, the temperature scaling at a quantum critical point in d dimensions is analogous to FSS in a corresponding d + 1 classical system. If z = 1, which holds for transitions described by 2D conformal field theories (CFTs) 19 and for paramagneticferromagnetic transitions in d-dimensional O(N ) symmetric spin systems 20 (Ising systems correspond to N = 1), the quantum transition corresponds to a classical (d + 1)-dimensional equilibrium transition, in which 1/T plays the role of an additional spatial dimension. There are also interesting cases in which z = 1. For instance, superfluid-to-vacuum and Mott transitions of lattice particle systems described by the Hubbard and BoseHubbard models have z = 2 when driven by the chemical potential. 13 In this case, the classical system is strongly anisotropic since L → λL, 1/T → λ z /T under a RG rescaling. Also for this class of transitions, which include many dynamic off-equilibrium transitions, 21 FSS is quite well established. We can, therefore, extend those results to the quantum case.
According to RG, close to a continuous transition the free energy satisfies a general scaling law. Extending the classical FSS Ansatz, 3, 4, 6, 14, 22, 23 we generally write the free-energy density as
where F reg is a nonuniversal function which is analytic at the critical point, and F sing bears the nonanalyticity of the critical behavior and its universal features. The arguments of F sing are the so-called nonlinear scaling fields.
14
They are analytic nonlinear functions of the model parameters, which are associated with the eigenoperators that diagonalize the RG flow close to the RG fixed point.
The scaling fields u µ and u h are the relevant scaling fields related to the model parameters µ and h. The scaling fields u l and u t are also relevant, with RG dimensions
respectively, and are associated with the finite spatial size L (u l ∼ 1/L) and with the temperature (u t ∼ T ). Beside the relevant scaling fields, we should also consider an infinite number of irrelevant scaling fields with negative RG dimensions. We distinguish them into two families, the bulk scaling fields {v i } and the surface scaling fields { v i }, with RG dimensions y i and y i , respectively. The first set is the only one that occurs in the infinite-volume limit and whenever there are no boundaries in the system, for instance, for periodic boundary conditions (PBC). They are responsible for the scaling corrections to the leading critical behavior in the infinitevolume limit. Using standard notation, assuming that they are ordered so that |y 1 | ≤ |y 2 | ≤ . . ., we set
In the presence of a surface, an additional set of boundary RG perturbations should be included. Their RG dimensions depend on the type of boundary conditions and, in particular, on the type of surface critical behavior one is considering. As before, we set
where y 1 is the dimension of the leading boundary operator. The singular part of the free energy is expected to satisfy the scaling equation
where λ is arbitrary. In the FSS case it is useful to take λ = 1/u l , obtaining
An important question concerns the universality of the function F . Since scaling fields are arbitrarily normalized, universality holds apart from a normalization of each argument and an overall constant. Therefore, given two different models, if F 1 and F 2 are the corresponding scaling functions, we have
where all constants A, c i ,
To go further we must discuss how the nonlinear scaling fields depend on the control parameters µ, h, L, and T . First, it is natural to assume that the bulk scaling fields u µ , u h , and v i do not depend on the temperature and the size of the system, i.e. they do not mix with 1/L and T . This hypothesis is quite natural for systems with short-range interactions. Under a RG transformation, the transformed bulk couplings only depend on the local Hamiltonian, hence they are independent of the boundary. Taking into account the assumed Z 2 symmetry and the even/odd properties of µ/h, close to the critical point the relevant scaling fields u µ and u h can be generally expanded as
where b µ and b h are nonuniversal constants. As for the irrelevant scaling fields, they are usually nonvanishing at the critical point. Let us now discuss the scaling fields u l and u t , which are associated with the size of the (d+1) dimensional system. For classical systems in a box of size L d with PBC and, more generally, for translation-invariant boundary conditions, it is usually assumed that u l = 1/L, exactly. This assumption, which has been verified in many instances-for instance, in the two-dimensional Ising model-and extensively discussed in Ref. 23 , can be justified as follows. Consider a lattice system and a decimation transformation which reduces the number of lattice sites by a factor 2 d . In the absence of boundaries and for short-range interactions, the new (translationinvariant) couplings are only functions of the couplings of the original lattice and are independent of L, while L → L/2. Since the flow of L is independent of the flow of the couplings, we expect
This condition does not generally hold for nontranslation invariant systems. We thus assume that u l is an arbitrary function of 1/L. For L → ∞ it can be expanded as
Note that, if we define an effective size
the scaling field becomes
Hence, by using L e , all subleading corrections due to b/L 2 are eliminated in any observable. Of course, this does not imply that 1/L corrections are absent in any observable, as such type of corrections may have other sources (we will come back to this point in Sec. III E). Such an observable-independent shift is often considered in FSS studies of systems with boundary conditions that differ from the periodic ones, see, e.g., Refs. 24-26, which also provide some evidence of the presence of
corrections in the scaling field u l . Let us now consider the thermal scaling field u t . To clarify the issue, let us first assume that z = 1, so that the quantum system is equivalent to a classical (d + 1)-dimensional system. The classical system is, however, weakly anisotropic: couplings in the thermal direction differ from those in the spatial one. Moreover, the anisotropy depends on the model parameters. In classical weakly anisotropic systems universality is obtained only after transforming to an isotropic system by means of a scale transformation, see Refs. 27,28 and references therein. Therefore, we define
where c(µ, h) is an appropriate nonuniversal function, c 0 ≡ c(0, 0) and b t is a constant. The function c may be identified with the speed of sound. More precisely, if E(k) is the dispersion relation of the model, which is assumed to be spatially isotropic, we define c = |∇ k E| kmin , where k min is the value of k where the energy has an absolute minimum. Relation (16) is expected to hold also when z = 1, although in this case the rescaling factor is not related to the sound velocity.
The
, corresponding to the irrelevant scaling fields, vanish for L → ∞ since y i and y i are negative. Thus, provided that F sing is finite and nonvanishing in this limit, we can expand the singular part of the free energy as
where we retain only the contributions of the dominant (least) irrelevant bulk and surface scaling fields, of RG dimensions −ω and −ω s , respectively. Note that the expansion (17) is only possible below the upper critical dimension. 29 Above it, F sing is singular and cannot be expanded as in Eq. (17) . The breakdown of this expansion causes a breakdown of the hyperscaling relations and allows us to obtain the mean-field exponents.
The scaling functions F , F ω , and F s are expected to be universal, apart from multiplicative normalizations and normalizations of the scaling fields. This implies that, within the given universality class, they are independent of the microscopic features of the model. However, they depend on the nature of the boundary conditions. Note also the presence of the variable u t /u z l , which corresponds to the so-called shape factor in classical transitions: the universal scaling functions depend on the shape of the finite system that is considered.
Finally, we should also take into account the regular part F reg of the free energy, see Eq. (3) . For classical systems, in the absence of boundaries, e.g., for PBC, F reg is assumed to be independent of L, or, more plausibly, to depend on L only through exponentially small corrections. 3, 4, 23 Extending this result to the quantum case, we assume that F reg does not depend on T . Instead, we see no reason why F reg should not depend on L for generic spatial boundary conditions. Therefore, we assume a regular expansion in powers of 1/L such as
where F reg,0 (µ, h) is the bulk contribution, the only one present when PBC are considered.
Expansions (17) and (18) allow us to compute all scaling corrections. As usual, we introduce the scaling variables
and
where L e is defined above in Eq. (14) . Then, we have
where we have included the leading scaling correction. If ν < 1 and w, κ, and τ are used as FSS variables, the leading correction is of order 1/L. If instead, one uses w e , κ e , and τ e , the leading correction decreases faster, as
Collecting all terms and using L e as basic length scale, we can write
where v 1 and v 1 are computed at the critical point. The missing corrections are of order (relative to the leading singular term L
(they are due to the singular part of the free energy), and of order L d+z−3 (they are due to the regular part of the free energy). The last three terms appearing in Eq. (22) represent boundary contributions, hence they should not be present for PBC. Morever, in this case we also have L e = L. Finally, note that, since the corrections of order L −1/ν e are due to the expansion of the scaling fields, they are always proportional to w, see Eq. (21) , thus they vanish for µ = 0.
To summarize, the RG expansion (22) provides information on the corrections to the asymptotic behavior. There are several different sources of scaling corrections:
(i) The irrelevant RG perturbations which give generally rise to O(L −ω ) corrections, where ω is a universal exponent associated with the leading irrelevant RG perturbation.
(ii) Corrections arising from the expansion of the scaling fields u µ , u h , and u t in terms of the Hamiltonian parameters. They give rise to corrections of order L −1/ν and are absent for µ = 0.
(iii) Corrections arising from the analytic background term of the free energy.
(iv) The irrelevant RG perturbations asssociated with the boundary conditions, which are of order L −ωs . They are absent in the absence of boundaries, such as PBC.
(v) The O(1/L) boundary corrections arising from the nontrivial analytic L-dependence of the scaling field u l , Eq. (13) . They are absent in the absence of boundaries. The leading correction can be taken into account by simply redefining the length scale L, i.e., by using L e instead of L, cf. Eq. (14) .
Eqs. (8) and (17) give the generic scaling form of the free-energy density. However, in certain cases the behavior is more complex due to the appearance of logarithmic terms.
14 They may be due to the presence of marginal RG perturbations, as it happens in Berezinskii-KosterlitzThouless transitions in U(1)-symmetric systems, [30] [31] [32] [33] or to resonances between the RG eigenvalues, as it occurs in transitions belonging to the 2D Ising universality class 14, 34 or to the 3D O(N )-vector universality class in the large-N limit. 26, 35 We should also mention that peculiar FSS behaviors, for instance, a modulation of the leading amplitudes, are observed in quantum particle systems at fixed chemical potential when an infinite number of level crossings occurs as the system size varies, and in the so-called XX chain in a transverse external field.
36-38
Several interesting quantities can be obtained by taking derivatives of the free energy. For example, in particle systems whose relevant parameter µ is a linear function of the chemical potential, the FSS of the particle density is obtained by differentiating Eq. (22) with respect to µ, i.e. ρ ∼ ∂F/∂µ. Therefore, for h = 0, we obtain
We note that the regular term represents the leading term when d+ z − y µ > 0, which is the case for most physically interesting systems. The compressibility can be obtained by taking an additional derivative with respect to µ.
B. Scaling law in the infinite-volume limit
We can also write down general scaling laws for the quantum critical behavior in the infinite-volume limit. We start again from Eq. (7), setting in this case u l = 0 and λ = u −1/z t . The free-energy density scales as
where, as explained above, we assume that F reg (µ, h) is T independent. For h = 0 and u t → 0, we can expand the free energy as
The specific heat is obtained by differentiating the previous expression:
Notice that there are no contributions from the regular part of the free energy. At the critical point µ = 0, Eq. (26) predicts
C. FSS of the low-energy scales
At T = 0 and h = 0, any low-energy scale, and, in particular, the energy difference of the lowest-energy levels, is expected to show the asymptotic FSS behavior
where c is the function providing the relation of u t with T , cf. Eq. (16) . Such a factor is needed to take into account that energies are expressed in terms of the temperature T , while the right-hand side contains the spatial dimension L e . The neglected corrections are of order
The scaling functions D # are universal, apart from multiplicative factors and a normalization of their argument. For w e → ∞, D(w) ∼ w zν to ensure ∆ ∼ µ zν for µ > 0 (paramagnetic phase) in the infinite-voume limit.
D. FSS of the two-point correlation function
We now consider the correlation functions of the orderparameter field φ(x, t), for example, the equal-time twopoint function,
For vanishing magnetic field, the leading scaling behavior is given by
Eq. (30) is only valid for L → ∞, |x − y| → ∞ with |x − y|/L fixed. Instead, if one takes the limit at fixed |x − y|, no singular behavior is observed in the FSS limit. Corrections to Eq. (30) arise from two different sources. First of all, there are the corrections due to the scaling fields with negative RG dimensions. Moreover, there are corrections which we will call field-mixing terms. Indeed, the order-parameter field φ is in general a linear combination,
of the odd fixed-point operators O h,i , which satisfy
at the critical point. The associated dimensions d i (we assume here
is associated with the leading nonlinear scaling field of RG dimension y h given in Eq. (2). Eq. (30) represents the contribution of the leading operator O h since
Beside, we should also consider the contributions of all subleading operators that have the same symmetry properties of the order parameter. Hence, we end up with the expansion
In the case of OBC, also boundary operators should be considered. Let us consider the space integral of the correlation function (29) , defined as
In the case of PBC, since translation invariance holds, χ y is independent of y. In the presence of a boundary, this is no longer the case. As long as y is fixed in the FSS limit, the leading scaling behavior is always the same, while scaling corrections are expected to depend on y. The asymptotic FSS expansion of χ y for h = 0 and T = 0 is expected to be
where w is defined in Eq. (19) , the scaling functions X # are universal apart from multiplicative factors and a normalization of the argument, and y h2 is the RG dimension of the next-to-leading operator which is odd under h → −h (this term is due to the field mixing). The corrections of order L −1/ν arise from the expansion (10) of the scaling field u µ . Finally, B χ is an analytic background term which represents the contribution to the integral of points x such that |x − y| ≪ L. It is the analogue of the analytic part of the free energy, see Eq. (3) . Therefore, the leading scaling corrections for χ scale as L −ζ with
It is important to note that χ y should not be confused with the magnetic susceptibility, which is a macroscopic quantity obtained by differentiating the free energy with respect to the magnetic field.
One can also consider a correlation length ξ associated with the critical modes. Since ξ has RG dimension 1, in the FSS limit we obtain an expansion analogous to Eq. (36) 
Here B ξ (µ, L) is a background term depending on the explicit definition of the correlation length. For example, we may define a second-moment correlation length by using the two-point function (29), as
where the point y = 0 is at the center of the system. In the case of PBC, one may consider the more convenient definition
where p = (p min , 0, ...), p min ≡ 2π/L, and G(p) is the Fourier transform of G(x). For these definitions there are two background contributions. One contribution is due to χ 0 and scales as L η+z−2 . A second one is due the sum appearing in the numerator of expression (39) and scales as L η+z−4 . This second contribution is subleading with respect to the first one, hence
We thus conclude that scaling corrections are analogous to those for χ, i.e. scale as L −ζ , where ζ is given in Eq. (37).
E. Dimensionless RG invariant quantities
Dimensionless RG invariant quantities are particularly useful to investigate the critical region. Examples of such quantities are the ratio
where ξ is any length scale related to the critical modes, for example the one defined in Eq. (39) , and ratios of the correlation function G at different distances, e.g.,
where the point x = 0 is at the center of the system. We denote them generically by R.
According to FSS, at T = 0 and h = 0, they must behave as
where w = µL 1/ν . Note the presence of the corrections of order L −1 , which are related to the fact that L is used as a normalizing length scale in Eqs. (42) and (43). One could have equally used L e or u −1 l , obtaining RG invariant quantities that have the same universal scaling behavior, but that differ by corrections of order 1/L.
The scaling function R(w) is universal apart from a trivial normalization of the argument. In particular, the limit
is universal within the given universality class, i.e., it is independent of the microscopic details of the model, although it depends on the shape of the finite volume and on the boundary conditions. Since R u arises from the next-to-leading O(µ 2 ) term of the expansion (10) of the scaling fields, we have R u ∼ w 2 R ′ (w) (with an unknown coefficient because the expansion of the scaling field is usually unknown). Thus, this term does not contribute at µ = 0. Note also that the boundary term is absent for PBC. Moreover, in the case of R ξ with ξ defined as in Eq. (39) , there is also a L −2+z+η correction due to the background B ξ [this term is absent in the case of R g as defined in Eq. (43)].
A popular method to determine the critical point uses the finite-size behavior of R as a function of L and µ. Indeed, if
The crossing point µ cross converges to µ = 0 with corrections of order L −1/ν−ζ . Here ζ = min[ω, 1, ω s , (y h − y h2 )] for generic boundary conditions breaking translation invariance and ζ = min[ω, (y h − y h2 )] for PBC. In the presence of backgrounds, we should also include the background corrections. For instance, in the case of R ξ , cf. Eq . (42), we have
III. FSS IN THE QUANTUM XY CHAIN A. The 1D XY model
The quantum XY chain in a transverse field is a standard theoretical laboratory for quantum transitions. Its Hamiltonian is
where σ (i) are the Pauli matrices. We set J = 1 and consider chains with open and periodic boundary conditions (OBC and PBC, respectively). We always take L even, setting the origin at the center of the domain, more precisely at one of the two central sites, so that −L/2 + 1 ≤ x ≤ L/2. For γ = 0 we recover the so-called XX chain in a transverse external field.
For any γ = 0 the model undergoes a quantum transition at
separating a quantum paramagnetic phase for µ > 0 from a quantum ferromagnetic phase for µ < 0. The transition belongs to the 2D Ising universality class, hence its critical behavior is associated with a 2D conformal field theory (CFT) with central charge c = 1/2. The critical exponents take the values z = 1, ν = 1, and η = 1/4. The structure of the subleading corrections for Ising systems was discussed in Refs. 34,39-41. In particular, Reinicke 41 analyzed the subleading corrections for the XY chain at the critical point. If the finite system is translation invariant-this is the case of PBC-the most relevant subleading operators have RG dimension −2. They belong to the identity family and can be expressed by using the Virasoro generators as Q
The analysis of Ref. 41 shows that the spin-zero operator Q I 2Q I 2 (which can be related to the energy-momentun tensor) is absent, as it also occurs in the classical 2D Ising model. 34 The second (spin-four) operator gives instead rise to scaling corrections that are proportional to 3/4 − γ 2 . The primary field associated with the energy family controls the off-critical behavior. The corresponding scaling field is u µ ∼ µ/γ. 40, 42 According to the analysis of Ref. 34 , the next subleading operator (Q . Such an operator is odd under duality transformations, which also hold for the XY model to some extent, as we discuss below. Hence, we expect it to contribute only at quadratic order (hence it gives corrections of order L −6 ), as in occurs in the 2D Ising model.
34
If this term is absent, the next-to-leading correction is related to the leading spin-6 operator in the identity family, which has RG dimension −4.
The quantum XY Hamiltonian (49) can be mapped onto a quadratic Hamiltonian of spinless fermions by a Jordan-Wigner transformation, 15, 16 which can be straightforwardly diagonalized. One obtains
where a + k and a k are fermionic creation-annihilation operators and
The set of values of k which must be summed over and the allowed states depend on the boundary conditions. 15, 16, 43, 44 In the limit T → 0, the relevant modes are those with the lowest energy, i.e., those with k ≈ 0. For k → 0, the energy E(k) can be expanded as
where
As we shall see, u µ (µ, γ) and v 1 (µ, γ) play the role of the nonlinear scaling fields associated with µ and with the leading irrelevant operator. Note that
Therefore, provided that v 1 (µ, γ) is the correct scaling field, no corrections of order L −ω = L −2 due to the leading bulk irrelevant operator are expected for the improved value γ = γ i in any observable (note, however, that corrections of order L −ω−1 do not cancel out). The identification of u µ and v 1 as scaling fields is in full agreement with the CFT results of Refs. 40,41, but it goes beyond that, since it conjectures the expression of the scaling field also outside the critical point, i.e. for µ = 0.
Finally, let us discuss duality in the XY model. 45, 46 An exact transformation can be defined for the model with γ = 1. In this case, one should consider slightly modified Hamiltonians with free boundary conditions. One can consider
-it differs from Hamiltonian (49) because of the absence of the magnetic field on site L/2-or
in which there is an additional magnetic field along the x direction at site x = L/2. For these Hamiltonians one can show that there exists a transformation U , such that
It follows that there exists an exact correspondence between the energy level for g > 1 and those for g < 1 (again we set J = 1). The presence of a symmetry can be guessed from the expression of E(k), see Eq. (52) . Indeed, for γ = 1 the energy levels satisfy
where we have written explicitly the g dependence. It is important to note that exact duality holds only for Hamiltonians (58) and (59). For different types of boundary conditions, boundary terms break duality, hence there is no direct correspondence between the states with g < 1 and those with g > 1.
It is interesting to understand physically why boundary conditions break duality. This is due to the different nature of the ground states for g > 1 and g < 1. Indeed, if g is large, we expect Hamiltonian (49) to have a nondegenerate ground state with the spins aligned in the z direction. On the other hand, if g is small we expect a doubly degenerate ground state, with the spins aligned either in the x direction or in the −x direction. Since the degeneracy of the ground state is different for g > 1 and g < 1, there cannot be an exact duality symmetry. In order to have exact duality, one must therefore change the model so that (at least) the degeneracy of the ground state does not depend on g. If we consider the Hamiltonian (59), this condition is realized by lifting the degeneracy of the ground state for g < 1: the magnetic field along the x direction at site x = L/2 makes the ground state nondegenerate, with all spins pointing in the +x direction. If we instead consider the Hamiltonian (58), duality is obtained at the price of making the ground state doubly degenerate for any value of g. To show this, note that [σ (1) L/2 , H d1 ] = 0. Thus, the Hilbert space can be decomposed into two subspaces H ± , such that σ
If we restrict H d1 to H + we obtain Hamiltonian (59) for a chain of length L − 1. Hence, the ground state in H + is nondegenerate for all values of g. If we restrict
x , hence we obtain the same spectrum as that of H d1 restricted to H + . Thus, for Hamiltonian (58) duality is obtained by making each state doubly degenerate.
Finally, let us note that a remnant of duality is also present for γ = 1. This guarantees that the transition always occurs at g = 1. Indeed, consider the transformation
Then, we have
so that, at points that only differ by the sign of u µ , the low-k behavior of E(k) is the same, apart from a change of normalization.
B. Free energy
The free energy of the quantum XY model can be directly related to the finite-size free energy of the 2D Ising model. If we consider a strip of width M , the Ising free energy density is given by (we use K instead of β to avoid confusion with the quantum case and write
For large values of M , the leading behavior of the finitesize correction term is obtained by expanding ǫ(k) for k → 0, since ǫ(k) is positive and has an absolute minimum at k = 0. Close to the critical point
This expression allows us to rewrite
we obtain
where E(k) is given in Eq. (52) . Also in this case the large β behavior is obtained by expanding E(k) around k = 0, i.e., by using Eq. (53) . At leading order, we reobtain Eq. (67) with some different normalization constants:
where u t = T /c with c defined in Eq. (54), and
Note the presence of the logarithmic terms, which are due to a resonance between the identity operator of RG dimension 2 and the thermal operator of RG dimension 1.
14 In principle, logarithmic terms should appear in all observables and both at leading and at subleading order. However, extensive analyses of the 2D Ising model 23, 34, [49] [50] [51] [52] [53] [54] [55] [56] have identified logarithmic corrections only in a very few cases.
We wish now to compute the corrections to Eq. (71) . For this purpose we set λ = u µ /u t and consider the expansion of
, in powers of u t , keeping x and λ fixed. We obtain
Since βE c (xu t , u µ ) = E c (x, λ)/c is independent of u t and B c (x, λ, T ) ∼ u 2 t , we can write
Each term B c,n (x, λ) of Eq. (74) increases as a power of x for x → ∞. Therefore, the integrand vanishes exponentially as x → ∞ order by order, and we can extend the upper limit of integration to +∞, making an exponentially small error. The second term in braces can then be expanded in powers of u t , proving that the free energy admits an expansion in powers of u t at λ fixed. Let us now compute the first correction of order u 2 t . Proceeding as discussed above, we obtain
Note that the corrections of order u 2 t are proportional to v 1 (µ, γ). Hence, it is natural to identify this quantity as the scaling field associated with the leading irrelevant operator. We will confirm this conjecture in the next sections.
C. Scaling of the energy gap: periodic and antiperiodic boundary conditions
We wish now to compute the finite-size behavior of the difference ∆ between the energy of the lowest excited states and that of the ground state, extending the results of Ref. 39 . For PBC we shall show that ∆ admits an expansion of the form
An analogous expansion holds also for antiperiodic boundary conditions (ABC). Such a result confirms the identification of u µ and v 1 as nonlinear scaling fields. Note that, if
is used as scaling variable and c is replaced by its leading behavior 2γ, then we have
The corrections of order L −1 , which vanish at the critical point w = 0, are due to the expansion of the nonlinear scaling field u µ and of the sound velocity c (in the general case, they would be of order L −1/ν ). To compute the energy levels, we use the results of Katsura. 16 They are obtained by using Eq. (51) , with a proper identification of the allowed values of k. The energy levels can be divided in two sectors: the even one in which k = 2mπ/L, m = 0, . . . , L − 1, and the odd
where E(k) is given in Eq. (52) 
while for g ≤ 1 we obtain
For ABC we have for g ≥ 1
Note that the first two excited states are doubly degenerate. Then, ∆ and ∆ (2) , the energy gaps for the first and second excited state, respectively, are given by
0, L → ∞ at µL fixed, was considered in Ref. 39 . We have performed again the calculation, using the general method discussed in App. B of Ref. 57 . We obtain
where w = µL/γ, γ E ≈ 0.5772157 is Euler's constant,
and G 1 (x) is a remnant function:
For
where K 1 is a modified Bessel function. Using these results we obtain
These results are consistent with Eq. (77) since w ≈ w and c ≈ 2γ for µ → 0. The PBC curve is shown in Fig. 1 . For w → 0, Eqs. (92) and (93) give ∆ P 0 (w) = π/2 and ∆ A0 (w) = 3π/2, in agreement with Ref. 44 . For |w| → ∞, using Eq. (91) we obtain
which shows that L∆ P ≈ 2µL for w → +∞ and L∆ P ≈ 0 for w → −∞, with exponentially small corrections. In the same limit, L∆ A behaves as L∆ P , but corrections are now of order w −2 . Let us now focus on the corrections. For this purpose, in the PBC case we consider the combination
If Eq. (77) is correct, such a combination should converge to ∆ P 2 ( w) as L → ∞ at fixed w. Moreover, the limiting curve should be independent of γ. The results for γ = 0.4 and 0.8 shown in Fig. 2 are in full agreement, confirming Eq. (77) at order L −3 . These curves are obtained by computing ∆ using high-precision arithmetics for values of L in the range 10 
D. Scaling of the energy gap: open boundary conditions
Let us now consider the OBC case. This case is more complex than the PBC one, since we must take into account boundary irrelevant corrections and the fact that u l is a nontrivial function of L. The latter type of corrections can be taken into account by using an effective size L e . Boundary irrelevant operators give instead rise to corrections of order L −2 , hence ω s = 2. In practice we will show that
The function ∆ 2 ( w e , γ) is not proportional to v 1 (0, γ) (for instance, it does not vanish for γ = γ i = √ 3/2), indicating the presence of boundary contributions with ω s = 2. For γ = 1 the effective length L e is equal to L + 1/2. From the analysis of the numerical data, we will conjecture a general expression for L e , valid for all values of γ, see below.
We first consider the case γ = 1, for which we can use the analytic expressions reported in Ref. 43 . The gap ∆ is given by E(k 0 ), where k 0 is the smallest (in absolute value) k that satisfies the secular equation
In the scaling limit at fixed w = µL/γ, the solution of the secular equation depends on w. For w > −1 , we have
where δ 1 is the solution in ]0, π[ of the equation
and δ 2 is given by
For w < −1, we have instead
where δ 1 is the solution in ]0, +∞[ of the equation
For w → +∞, we have δ 1 ≈ π−π/w and δ 2 ≈ −π+2π/w; for w → 0, we have δ 1 → π/2 and δ 2 → −π/4; for w → −1, δ 1 and δ 2 both vanish, while for w → −∞ we obtain δ 1 ≈ −w[1 + O(e −2|w| )] and δ 2 ≈ w/4. Using the expansion of k 0 and Eq. (53) we obtain in the limit L → ∞ at w fixed
where the upper signs should be used for w > −1 and the lower signs for w < −1. As in the PBC case, the gap δ 1 vanishes as w → −∞, while for w → +∞ we have L∆/c ≈ w. The resulting curve is reported in Fig. 1 . To get rid of the analytic corrections, we express
where δ 1 is now a function of w and we used
The 1/L correction can be eliminated by rescaling the size L. Indeed, if we define
where δ 1 is now a function of w e = u µ L e . This result can be derived immediately if we rewrite the secular equation in terms of u µ and L e : Let us now consider the energy gap for γ = 1. In the absence of analytic results, we compute the difference ∆ of the two lowest energy levels numerically for L ≤ 4096 and for γ = √ 3/2, 0.8, and 0. 4 . Also for these values of γ we find that the leading scaling correction can be eliminated using appropriate γ-dependent L e . An accurate numerical guess of L e is
With this choice ∆ has an expansion of the form
We can estimate the correction term by considering
where L e1 and L e2 correspond to L and 2L, respectively, and µ 1 and µ 2 are obtained by solving u µ (µ 1 , γ)L e1 = w e and u µ (µ 2 , γ)L e2 = w e . The resulting quantity has a finite limit for L → ∞ at fixed w e , reported in Fig. 4 . Note that corrections do not vanish for γ i = √ 3/2, where v 1 (0, γ i ) = 0, hence they cannot be only due to the bulk subleading operator with ω = 2. Moreover, there is no rescaling that allows us to obtain a collapse of all data onto a single curve. Therefore the data show the presence of corrections due to a boundary subleading operator with exponent ω s = 2.
Finally, it is interesting to consider Hamiltonian (59). 
The scaling function for L → ∞ is reported in Fig. 1 . Note that ∆ 1 does not vanish for w e → −∞, a consequence of the fact that the degeneracy for g < 1 is lifted by the added magnetic field. A second peculiarity of the result is the absence of boundary corrections, once length scales are expressed in terms of L e .
E. RG invariant ratios
In Sec. III B, III C, and III D we have shown that the data for the free energy and energy gap are consistent with the assumption that u µ and v 1 are nonlinear scaling fields. Moreover, in the case of OBC the leading boundary correction can be eliminated by redefining L → L e .
We wish now to verify these conjectures by studying different observables related to the correlation function of the order parameter σ (1) x . We consider the equal-time correlation function
then we define
and the RG invariant quantities
We compute R g for PBC and OBC, for several values of L and w (L e and w e in the OBC case) and extrapolate the results to L → ∞. The results are reported in Fig. 5 . Note that in the scaling limit, all scaling variables are equivalent, i.e., w ≈ w ≈ w e , but this is not true when considering the scaling corrections. The value of R g at the critical point for L → ∞ can be computed by using the exact expression of the two-point function at the critical point in the scaling limit. The numerical values are reported in App. A. We can also predict the large-w behavior by using the known expression of G(x) in the infinite-volume limit for µ > 0. Since G(x) ∼ K 0 (xµ) for γ = 1, 13 where K 0 (x) is a modified Bessel function, we obtain R g ≈ w/8 for w → ∞.
Let us now discuss the leading corrections in the PBC case. According to the general analysis, in the limit L → ∞, µ → 0 at fixed w, we expect corrections of order L −ω = L −2 due to the leading irrelevant operator and corrections due to field mixings. We will show that the latter also scale as L −2 , obtaining an expansion of the form with
where v 1 (µ, γ) is the nonlinear scaling field reported in Eq. (56) . To verify this expansion, we consider the combination In Fig. 6 we show the results for γ i = √ 3/2 for which v 1 (0, γ i ) = 0. The combination R g2 ( w, L, γ) has a finite limit for L → ∞, confirming that the leading scaling corrections decay as 1/L 2 . Since v 1 (0, γ i ) = 0, the corrections we observe cannot be due to the operator Q 2 2 +Q 2 2 which controls the leading scaling correction for the free energy and the spectrum. Corrections are instead a field-mixing effect. The lattice operator is a combination of conformal fields:
where O σ is the primary CFT field and O σ,i are the secondary fields that belong to the σ family, the leading one being O σ1 = L −1 |σ and y σ − y σ1 = 1. To provide additional evidence for the validity of Eq. (120), we consider 
If Eq. (120) holds, then
Since v 1 (µ, γ) is known, this relation gives us a recipe to identify v 2 (0, γ). We determine v 2 (0, γ) by requiring R g21 (µ, L, γ)/v 1 (0, γ) to be independent of γ. By using numerical results for γ = 0.4 and γ = 0.8, we find that this condition is satisfied by simply taking
This is shown by the data in Fig. 7 . The scaling field v 2 (µ, γ) is independent of γ for µ → 0. Let us now consider the scaling corrections in the OBC case. In this case we find that scaling corrections of order 1/L are present even if the limit L → ∞ is taken at fixed w e . Indeed, the numerical data are consistent with
To estimate the 1/L correction, we consider
For L → ∞, we have
with corrections of order L −3 . 60 We have computed R g1 (L, w e , γ) for 64 ≤ L ≤ 512, obtaining, for all values of γ a nonzero result. The function R g1 (L, w e , γ) for L = 512 (it is essentially asymptotic) is reported in Fig. 8 . Note that it has a nontrivial dependence on γ: no rescaling exists that makes the curves corresponding to different values of γ fall one on top of the other. This implies that such correction cannot be ascribed to a single subleading operator. We can also exclude that the 1/L correction can be eliminated by using L e in the definition of R g , i.e., by defining
Indeed, for
But also in this case 1/L corrections are present. They may be explained by the presence of field mixings with the boundary operators.
Let us finally consider R ξ . Its behavior in the scaling limit is shown in Fig. 9 . The finite-size behavior of R ξ is more complex, since one must also take into account the background term which gives corrections of order L −2+z+η = L −3/4 , independent of the type of boundary conditions. For OBC next-to-leading corrections are of order L −1 , while for PBC, if the scaling limit is taken at fixed w, they are of order L −7/4 and are due to the L dependence of the background term. These predictions are well confirmed by the data shown in Fig. 10 .
IV. FINITE-SIZE SCALING OF BIPARTITE ENTANGLEMENT ENTROPIES
In a quantum system the reduced density matrices of spatial subsystems, and, in particular, the corresponding entanglement entropies and spectra, provide effective probes of the nature of the quantum critical behavior, see, e.g., Refs. 61-65. Their dependence on the finite size of the system may be exploited to determine the critical parameters of a quantum transition.
66-71
In this section we discuss the finite-size behavior of the entanglement entropy of spatial bipartitions of the system. We restrict the discussion to zero temperature and to one-dimensional systems with an isolated quantum critical point with z = 1 and central charge c. The general FSS behavior is then compared with exact and numerical results for the XY chain. 
A. FSS in 1D systems at a quantum critical point
We divide the chain into two connected parts of length ℓ A and L − ℓ A , and consider the Rényi entropy (α > 0)
where ρ A is the reduced density matrix of one of the two subsystems. For α → 1, the Rényi entropy coincides with the von Neumann (vN) entropy
The asymptotic behavior of bipartite entanglement entropies is known at the critical point µ = 0. [72] [73] [74] We have
where c is the central charge, q counts the number of boundaries between the two parts, thus q = 2 in the case of PBC and q = 1 in the case of OBC. The constant e α is nonuniversal and depends on the boundary conditions.
73-75
The corrections to Eq. (133) may have various origins. Beside the corrections discussed in Sec. II, there are additional corrections. Within CFT they are related to the operators associated with the conical singularities at the boundaries between the two parts, which appear in the α-sheeted Riemann surface introduced to compute Tr ρ α A . 17, 18 In the limit L, ℓ A → ∞ at fixed ℓ A /L, these new operators give rise to terms of order L −ε/α in the case of OBC 17, 18 and of order L −2ε/α in the case of PBC.
76,77
Here ε > 0 is the RG dimension 17,18 of the leading conical operator. The results for a number of 1D models suggest that the energy operator plays a major role in this respect, 69, [76] [77] [78] hence ε = 1/ν. Moreover, the analysis of exactly solvable models shows the presence of other corrections suppressed by integer powers of L. 76 The general predictions are confirmed by the exact results for the XY chain at the critical point, for both OBC and PBC. They are summarized in App. B.
The asymptotic behavior of the bipartite entanglement entropies is also known in the thermodynamic limit close to the transition point, 18,73 i.e., for L, ℓ A ≪ ξ, where ξ is the length scale of the critical modes. One obtains 18, 73, 79 
where again q = 2 in the case of PBC and q = 1 in the case of OBC, and a α is a nonuniversal constant. The corrections to the asymptotic behavior (134) are expected to be 18 of order ξ −ε/α , where ε is the same exponent controlling the finite-size corrections at the critical point. Additional corrections of order ξ −2 should also be present, see e.g. Ref. 80 In the general FSS regime, the bipartite entanglement entropy has been conjectured to satisfy the asymptotic scaling equation
Consistency with Eqs. (133) and (134) implies that for w → ∞
If we include the scaling corrections, we expect
where the dots correspond to other corrections of order u ω l , u ωs l , . . ., which may be more relevant than the conical ones in some cases.
Starting from the entanglement entropies, one can define RG invariant quantities, which can be used to determine the critical behavior in a finite volume. For this purpose, we consider
with 0 < Y < X < 1. According to Eq. (133) , at the critical point µ = 0
On the other hand, for µ = 0 and ξ ≪ L, since S α (ℓ A , L, µ) is independent of ℓ A in this limit, we have
The quantity Q α may be used to determine the transition point and critical exponents, as the RG invariant quantities R considered in Sec. II E. For any boundary condition, Eq. (137) implies
(140) with Q α (0) = c, where the dependence on the interval coordinates X, Y is understood. The scaling functions Q α and Q α,c depend only on X,Y , and the boundary conditions, apart from a trivial normalization of their argument, while b α is a nonuniversal constant. In the PBC case, we have
since corrections decay as L −2ε/ν at the critical point. Beside the corrections of order L −ε/α , one should also consider the standard corrections related to the usual bulk and boundary irrelevant operators, and analytic corrections. 
B. FSS in the XY chain
To verify the general FSS behaviors presented in Sec. IV A, we consider again the XY chain. In this case ν = 1, so that ε = 1. Therefore, for α > 1 the corrections associated with the Rényi entanglement entropies of order L −1/α are stronger than the standard ones discussed in the previous sections, which scale as 1/L at least. We consider the quantity 
approaches the critical point as
This is confirmed by the results for Q α , see e.g. Fig. 11 .
Figs. 12 and 13 show plots of Q 1 and Q 2 , for OBC and PBC respectively, versus the scaling variable w = µL/γ for γ = 0.4 and γ = 0.8. The data appear to approach universal curves with increasing L, clearly supporting the universality of the asymptotic function Q α (w), cf. Eq. (140) , for both OBC and PBC. Note that the maximum of the PBC scaling curve is at w ≡ µL/γ = 0 and equals c = 1/2, while the OBC maximum is larger than c = 1/2-we obtain Q 1,max ≈ 0.9358 and Q 2,max ≈ 1.248-and it is located in the region w < 0. The scaling curves vanish exponentially for |w| → ∞. As expected, scaling corrections appear larger for Q 2 than Q 1 . Let us now investigate the corrections to the leading term. To begin with, we consider the Renyi entanglement entropies for α > 1, whose leading corrections are expected to be due to the conical singularities, i.e. the O(L −1/α ) term explicitly reported in Eq. (140) . We use the asymptotic formulas reported in App. B to derive the finite-size behavior of Q α at µ = 0. We obtain
In particularb 2 = 0.925049... for α = 2. Instead, for PBC at µ = 0, we find for γ = 1. In particular p 2 (γ = 1) = 0.428928....
The FSS limit is taken at fixed w e = u µ L e for OBC and w = u µ L for PBC (see Eqs. (55) and (112) for the definitions of u µ and L e ), to avoid analytic corrections due to the expansion of the scaling fields. The numerical data of the α = 2 Renyi entropy are in full agreement with Eq. (140): for both PBC and OBC scaling corrections decay as L −1/2 . Moreover, for both OBC and PBC, the corrections are proportional to γ −1/2 as found at the critical point, cf. Eq. (146) . This is clearly demonstrated by the analysis of the large-L behavior of the quantity
If corrections are of order (γL) −1/2 , in the limit L → ∞ at fixed w or w e , Q 2,c converges to a nontrivial γ-independent scaling function, i.e. to the function Q 2,c ( w) appearing in Eq. (140) . Figs. 14 and 15 show the extrapolation of Q 2,c for OBC and PBC, respectively. They are obtained by using results for chains of length L ≤ 4096. The resulting tiny differences that are hardly visible in Figs. 14 and 15 are plausibly due to tiny numerical errors affecting the raw data and to the extrapolation uncertainty. The curves for different values of γ appear to approach a unique curve, thus supporting our general scenario. Analogous results are expected for any α > 1.
The analysis of the leading corrections for the vN entanglement entropy is more complicated, essentially because, in the limit α → 1, the leading corrections may have different origins. This is already shown by the results at the critical point. The asymptotic expansion of the vN entanglement entropy at the critical point for OBC and γ = 1 is reported in App. B. This allows us to derive
Note that b vN does not coincide with the α → 1 limit of the coefficient b α appearing in Eq. (146) . Thus other corrections contribute at order 1/L. To understand better the subleading FSS behavior, we computed the corrections of order L −1 at fixed w e = u µ L e . They can be estimated by considering
This quantity is constructed so that it approaches a nontrivial function if the leading corrections are of order L −1 . Fig. 16 shows the large-L extrapolations 81 of Q 1 for several values of γ. We verify that the γ dependence cannot be eliminated by rescaling Q 1,c ( w e , L, γ) by a function of γ. Hence, beside the conical contribution, there must be other corrections due to the boundaries. They may be interpreted as analytic corrections related to the length ℓ of the domain. Analogously to the nonlinear scaling field u l associated with 1/L which has an expansion in powers of 1/L, cf. Eq. (13) , it is natural to introduce a scaling field u ℓ associated with ℓ, with u ℓ ≈ 1/ℓ + a/ℓ 2 . The expansion of u ℓ would contribute additional boundary corrections of order 1/L, when the limit is taken at fixed ℓ/L. This is confirmed by the asymptotic behavior of the vN entanglement entropy at the critical point, see App. B. Indeed, for γ = 1 it can be written as
where L e = L + 1/2 and ℓ e = ℓ + 1/4, e 1 is a constant, and the term of order L −1 is the α → 1 limit of the corrections of order L −1/α occurring for generic α > 1. Eq. (151) allows us to identify the origin of the correction terms: there are conical corrections that give rise to the L −1 e term appearing in Eq. (151) , and boundary terms that can be allowed for by introducing L e and ℓ e .
In the case of PBC, the results of App. B at the critical point lead to
The constant p vN is unrelated to the constant p α defined in Eq. (147) . Indeed, p α vanishes for α = 1. These results apparently indicate that conical singularities are not related to the L −2 corrections at the critical point. Let us now extend the analysis outside the critical point, computing Q 1 in the FSS limit at fixed w. A detailed numerical analysis shows that there are no scaling corrections as it occurs at the critical point. A detailed analysis of the numerical data for several values of γ shows that we can write
where v 1 (µ, γ), defined in Eq. (56) , is the scaling field associated with the leading bulk subleading corrections.
Notice that if we replace w ≡ u µ L with its linear approximation w ≡ µL/γ in Eq. (153), the leading term does not change but now the corrections are of order L −1 . They are due to the next-to-leading term appearing in the expansion of w in powers of w. To verify Eq. (153), we consider
where γ i = √ 3/2 (we remind the reader that v 1 (0, γ i ) = 0). If Eq. (153) holds, Q 1,c2 ( w, L, γ) should converge to Q 1,c2 ( w), hence it should be independent of γ for large values of L. As shown in Fig. 17 , a straightforward extrapolation 81 of data up to L = 4096 supports it. The second correction term in Eq. (153) is associated with the bulk irrelevant operator. The origin of the first term, which is independent of γ, is instead less clear. As we have already discussed, at the critical point the conical corrections of order L −2/α = L −2 vanish, hence Q 1,c1 (0) can only be an analytic correction. It is natural to conjecture that the same is true outside the critical point. Indeed, if conical and analytic corrections were both present, one would expect them to have different γ dependencies. Hence, one would expect two different scaling functions with different γ-dependent coefficients. 
V. SUMMARY AND CONCLUSIONS
We study FSS at quantum zero-temperature transitions, focusing on the corrections to the leading asymptotic behavior. This issue is relevant for numerical and experimental studies of quantum transition, where the data are generally available for a limited range of system sizes, which are often relatively small. In these cases, the FSS predictions are subject to sizable scaling corrections, which must be taken into account to obtain reliably accurate estimates of the critical parameters and, if needed, to identify the universality class of the transition.
We present a RG analysis of FSS at quantum zerotemperature transitions of d-dimensional systems characterized by two relevant parameters µ and h, which are respectively even and odd with respect to an assumed parity-like symmetry. Well known examples of such quantum transitions are those occurring in quantum XY (Ising) systems and general O(N )-symmetric spin models, superfluid or metallic transitions in particle systems, etc.; see, e.g., Ref. 13 .
To characterize the scaling corrections, we generalize Wegner's scaling Ansatz 14 to quantum transitions. This allows us to predict the type of subleading corrections that are expected in finite systems and/or at finite temperature. First, there are corrections associated with the bulk and boundary irrelevant RG perturbations, that decay as L −κ , where κ is generally a noninteger exponent (for example, in the case of the quantum transitions of two-dimensional quantum Ising and Heisenberg models, the leading bulk O(L −ω ) corrections have ω ≈ 0.8, see e.g. Ref. 5 ). Then, one should consider analytic corrections due to the regular backgrounds. Finally, since the RG predictions are expressed in terms of the nonlinear scaling fields, one should also consider the correction terms arising from their expansion in powers of the Hamiltonian parameters, the spatial size L, and the temperature T . These corrections are also named analytic, though they decay as L −ρ , with noninteger ρ. To check the general predictions, we consider the quantum XY chain in a transverse field with Hamiltonian (49), which is a standard theoretical laboratory to understand issues concerning quantum transitions. In particular, it is an ideal testing ground, since its Hamiltonian can be exactly diagonalized, 16 allowing us to compute several interesting quantities either exactly or very accurately by using numerical methods.
The analytic computation of the finite-size behavior of the energy spectrum and of the free energy allows us to infer the exact form of the nonlinear scaling fields related to the relevant Hamiltonian parameter µ ≡ g − 1 and to the leading irrelevant operator with RG dimension −2. Moreover, we can also determine the speed of sound c which enters the relation between the temperature T and the corresponding scaling field. We provide a complete analysis of the asymptotic FSS behavior of the energy gap ∆ (i.e., the difference between the energies of the two lowest levels) up to O(L −4 ) for PBC and to O(L −2 ) for OBC, cf. Eq. (77) and Eq. (97) , respectively. In the PBC case, we show that all terms up to L −4 are due to the expansion of the nonlinear scaling field u µ associated with µ and to the leading irrelevant RG perturbation. In the OBC case the corrections of order L −1 in the expansion of ∆ are due to the L dependence of the nonlinear scaling field u l associated with the spatial size L; they can be eliminated by introducing an effective spatial size L e = L + l(γ), cf. Eq. (112) . Instead, the corrections of order L −2 show contributions associated with boundary irrelevant RG perturbations of RG dimension y 1 = −2. Then, we perform an analogous analysis for some RG invariant quantity derived from the two-point function of the order parameter, i.e. G(x, y) = σ with other odd subleading operators. These results for the XY chains are in full agreement with the general RG framework put forward in Sec. II, which generalizes Wegner's scaling theory to quantum transitions.
Finally, we discuss the FSS behavior of bipartite entanglement Rényi and vN entropies of one-dimensional systems with an isolated quantum critical point with z = 1 and central charge c. They presents further peculiar corrections to the asymptotic FSS behavior predicted by CFT, arising from operators associated with conical singularities in the corresponding conformal mapping. 17 The FSS predictions are compared with results for the XY chain. We show that the leading FSS corrections for the Rényi entropies with α > 1 are always of order L −1/α , for any boundary conditions, see Eq. (137) . In particular, in the PBC case corrections are of order L −2/α only at the critical point µ = 0. The behavior of the vN entanglement entropy is more complex. In the OBC case, the leading correction of order L −1 is the sum of terms of different origin: we find contributions from the conical operators and boundary corrections as well. In the PBC case, the expected corrections of order L −1 vanish: the leading FSS corrections are of order L −2 also for µ = 0. Apparently, they are the sum of an analytic contribution and of a term due to the bulk irrelevant RG operator.
In our FSS study of the entanglement properties we introduce the RG invariant quantity Q α . It is defined in terms of the Rényi entanglement entropy S α , see Eq. (138) , in such a way to have a universal FSS behavior (in particular, it approaches the central charge c at the critical point). The quantity Q α may be useful to investigate 1D quantum transitions exploiting entanglement properties. The two-point function G(x 1 , x 2 ) at the critical point is obtained by setting Y = 0. This result allows us to exactly compute the universal large-L limit of the RG invariant quantities R ξ ≡ ξ/L and R g , defined in Eqs. (118) and (119), respectively, at the critical point. We obtain the critical value 
For the XY chain we may also consider the connected equal-time two-point function of the operator σ
x , i.e.
G n (x, y) = σ 
For T = h = 0, we obtain
Note that G n (0, x) ∼ x −2 for |x| ≪ L. Therefore, the integral of G n (0, x) with respect to x is infinite.
Periodic boundary conditions
In the case of PBC we have
Again, setting Y = 0, we obtain the two-point function G(x 1 , x 2 ) at the critical point, from which we can compute 
for ξ defined as in Eq. (118) . If instead the correlation length is defined as
where G is the Fourier transform of G, and k min = 2π/L, we obtain R * ξ = 0.389848 . . .
Appendix B: Some exact results for the entanglement entropies
In this appendix we report some exact results for the entanglement entropies of the XY chain at the critical point. For this purpose, we also exploit known results for the XX model,
and the exact relation ln L e + ln sin πX e + e 1 (1)
where L e = L + 1/2, and X e ≡ ℓ e /L e with ℓ e = ℓ + 1/4. Thus, after appropriately shifting ℓ and L to ℓ e and L e respectively, the remaining L −1 correction term turns out to be equal to the limit α → 1 of the correction of order L −1/α appearing in Eq. (B3) . Therefore, at the critical point the leading O(L −1 ) correction in the vN entropy shows both conical and boundary contributions. However, the latter can be reabsorbed be redefining both length scales L and ℓ. Actually, for γ = 1, replacing L → L e = L + 1/2 and ℓ → ℓ e = ℓ + 1/4 in Eq. (B3), we also obtain the O(L −1 ) corrections for general S α . In the case of PBC, using the results for the XX model reported in Refs. 37,76, we obtain for α > 1 and γ = 1 
where e α (γ) = e α (γ) − ln 2. For the vN entropy we instead obtain
[ln L + ln sin(πX) + e 1 (1)]
Note that the limit α → 1 of the corrections of order L −2/α in Eq. (B7) vanishes, hence in the PBC case the leading conical singularities do not contribute at the critical point.
